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We present a theory of the infrared conductivity and absorption coefficients of metallic (III,Mn)V
ferromagnetic semiconductors. We find that the conductivity is dominated by inter-valence-band
transitions that produce peaks at h¯ω ∼ 220meV and obscure the broadened Drude peak. We
demonstrate that transverse f-sum rule measurements can be used to extract accurate values for the
free carrier density, bypassing the severe characterization difficulties that have till now been created
by the large anomalous Hall effect in these materials.
Following the discovery of carrier-induced ferromag-
netism in (In,Mn)As [1] and (Ga,Mn)As [2] in the early
nineties, studies of ferromagnetism in (III,Mn)V diluted
magnetic semiconductors (DMS’s) have yielded many
surprises. The transport and optical properties of these
heavily-doped semiconductors are richer than those of
conventional itinerant electron ferromagnets because of
strong valence-band spin-orbit coupling, and because of
the sensitivity of their magnetic state to growth condi-
tions, doping, and external fields. These novel ferromag-
nets are likely to have a major technological impact [3] if
systems with Curie temperatures above room tempera-
ture can be created and better control of disorder effects
can be achieved. We present a theory of the infrared con-
ductivity of (III,Mn)V ferromagnets which we believe will
increase the value of this powerful probe in characterizing
present and future DMS ferromagnets. In particular, we
demonstrate that infrared conductivity measurements in
metallic samples can be used to obtain accurate measure-
ments of the total free carrier density, likely the key to un-
derstanding the now firmly established [4] dependence of
magnetic properties on growth and post-growth anneal-
ing conditions. This experimental possibility is especially
important in these semiconductors because they are fer-
romagnetic and have a large anomalous Hall conductivity
[5] which severely complicates Hall-effect carrier-density
measurements, [2,6] even when they are performed in
very strong magnetic fields.
Our conclusions are based on a semi-phenomenological
model [7–10] in which host semiconductor valence band
electrons, described by a k.p model, interact with ran-
domly distributed aligned (T = 0) Mn local- moment
acceptors via Coulomb and short-range exchange inter-
actions, and via Coulomb interactions only with the com-
pensating charged defects known to be present. Some of
our considerations are based on standard linear-response
theory expressions for the ac conductivity of weakly
disordered metals, in which disorder is included only
through finite quasiparticle lifetimes and localization ef-
fects are ignored. In the dc limit, with quasiparticle
scattering rates evaluated using Born approximation ex-
pressions for scattering off the spatial fluctuations of the
screened-Coulomb and exchange potentials, these expres-
sions imply mobilities [11] that are consistent with values
measured in optimally annealed, high-Tc, DMS ferromag-
nets. Although the predictions discussed below are in-
tended to be most reliable for the most metallic systems,
they appear to explain much currently available infrared
optical data, most of which has been obtained in studies
of systems with relatively low dc conductivities.
The main features observed in experiments [12–15] are
the absence of a clear low-frequency Drude peak, and
a broad absorption peak near 220 meV that becomes
stronger as the samples are cooled. The 220 meV peak
has been attributed either to inter-valence-band transi-
tions, to transitions between the semiconductor valence
band states and a Mn induced impurity band, or to a
combination of these contributions. Dynamical mean-
field-theory studies [16], for a single-band model that
neglects the spin-orbit coupling and the heavy-light de-
generacy of a III-V semiconductor valence band, demon-
strate that non-Drude impurity-band related features can
occur in DMS ferromagnets. The conductivities pre-
dicted by this model are, however, inconsistent with ex-
periment in magnitude and in temperature trend. As
demonstrated in the following paragraphs, realistic fea-
tures of the valence band electronic structure are key to
understanding the conductivity data. We find that the
absorption peak near 220 meV is associated with heavy-
hole to light-hole inter-valence-band transitions, and that
transitions to the bands split-off by spin-orbit interac-
tions are responsible for the gradual increase in absorp-
tion observed in experiments [13] at frequencies above
500 meV.
The physical picture we have developed for the infrared
conductivity starts from an examination of the limit in
which disorder is ignored. In building a picture starting
from this limit we are motivated in part by the observa-
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tion that many magnetic and transport property trends
(critical temperatures, magnetic anisotropy and its strain
dependence, magnetic stiffness, anomalous Hall effect,
etc. [7–10,17,18]) in DMS ferromagnets appear to be ad-
equately described without accounting for disorder, even
though it is relatively strong by some measures. The
linear response of the system to a light probe is char-
acterized by the optical conductivity tensor σα,β(ω). In
thin film absorption measurements, the real part of the
conductivity is related to the absorption coefficient by
α˜(ω) = 2
Re[σ(ω)]
Y + Y0
, (1)
where Y and Y0 are the admittances of the substrate
and free space, respectively [19]. We have evaluated
σα,β(ω) at T = 0 using the standard Kubo formula
for non-interacting quasi-particles [20]. The clean-limit
ac conductivity of our model is plotted in Fig. 1 for a
typical set of (Ga,Mn)As parameter values, carrier den-
sity p = 0.3 nm−3, 5% Mn substitution, implying a
Mn concentration NMn = 1.1 nm
−3, and band param-
eters that incorporate the strain produced by epitaxial
growth on a GaAs substrate [21]. When disorder is ne-
glected, Coulomb interactions have no effect, while the
exchange interactions produce a uniform exchange mean
Zeeman field, ~h = JpdNMnSΩˆ, where Ωˆ is the magnetiza-
tion direction. The finite-frequency conductivity results
from transitions between occupied and unoccupied va-
lence bands states; the band Kramers degeneracies are
split by an amount comparable to the Fermi energy.
(Jpd = 55 meV nm
3 is the exchange-coupling constant
so that h ∼ 150meV.) The results illustrated in Fig. 1
are for Ωˆ along the growth (〈001〉) direction, the mag-
netic easy-axis for a tensile strained (Ga,Mn)As layers [9];
clean limit results for samples under compressive strain
(GaAs substrates) which have in plane easy axes differ
in detail [21]. The two split-peaks present in the clean
limit at ∼ 250 and ∼ 325 meV correspond to heavy-hole
to light-hole transitions and to light-hole to split off (s-o)
band transitions, respectively. Beyond ∼ 500 meV there
is a slight rise in the absorption which corresponds to the
heavy-hole to s-o split off band transition. In the clean
limit, the conductivity has a δ-function contribution at
ω = 0 due to intraband transitions. Its relative contri-
bution to the f-sum rule of our model, discussed further
below, is 35%, nearly independent of carrier density over
the relevant range.
We account for disorder by including the lifetime
broadening of quasiparticle spectral functions in evalu-
ating the Kubo formula. The effective lifetime for tran-
sitions between bands n and n′, τn,n′ , is calculated by
averaging quasiparticle scattering rates calculated from
Fermi’s golden rule including both screened Coulomb and
exchange interactions [11]. The solid curve in Fig. 1 illus-
trates the influence of disorder on the conductivity. The
intraband conductivity evolves into a broadened Drude
peak that overlaps with broadened interband absorption
features. In Fig. 2, we plot ac conductivities calculated in
this way for Ga.95Mn.05As at a series of carrier densities.
In our model, an increase in carrier density is accom-
panied by a decrease in the density Nc of compensating
charged defects; we assume that all have charge Z = 2
so that p = NMn − 2Nc [22]. As p increases, Nc and
quasiparticle scattering rates decrease in tandem. The
evaluation of quasiparticle scattering rates allows us to
check the consistency of our weak-scattering approach,
which requires h¯/(τnn′EF ) > 1, where EF is the hole
Fermi energy. For 5% Mn doping, the condition is safely
satisfied only for p >∼ 0.3nm
−3. As the carrier density
increases above this value we see in Fig. 2 that the peak
near 220 meV sharpens and the low frequency Drude
peak emerges more clearly.
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FIG. 1. Optical conductivity Re[σ(ω)] and absorption
coefficient α˜(ω) for carrier density n = 0.3nm−3 in
Ga0.95Mn0.05As without (dashed) and with (solid) impurity
scattering present.
Since all model parameters are accurately known from
other experiments, the ac conductivity values in Fig. 2
are parameter free. Although direct comparisons with
infrared conductivity experiments is difficult because the
carrier density is not usually known, our dc conductivi-
ties are generally larger than those of optimally annealed
samples [4]. Our quasiparticle scattering rates are likely
smaller than those in any current experimental sample,
due to some combination of inaccuracy in our approxi-
mate scattering amplitudes and unknown sources of ad-
ditional unintended disorder. Further progress in sorting
out variable transport and magnetic properties requires
accurate experimentally determined carrier density val-
ues, which we believe can be obtained directly from in-
frared conductivity data as we explain below.
In the following paragraphs we discuss the f-sum rule
of our model:
2
F ≡
∫
∞
0
dωRe[σxx(ω)] =
πe2
2V
∑
α
fα 〈α|
∂2Hband
h¯2∂k2x
|α〉.
(2)
In this equation fα is a quasiparticle Fermi factor and
∂2Hband/h¯
2∂k2x is the xx component of the k.p model
inverse effective mass operator, which is diagonal in en-
velope function wavevector but off diagonal in envelope
function spinor index. We emphasize that this sum rule
is completely independent of the weak-scattering approx-
imations on which the ac conductivity calculations dis-
cussed above were based. In practical applications, it is
necessary to choose an upper cut-off for the frequency
integral [23]. We define a weakly cut-off dependent op-
tical effective mass for DMS ferromagnets by defining
F = πe2p/2mopt. As illustrated in the inset of Fig 2,
for the case of cut-off frequency h¯ωmax = 800meV, the f-
sum rule values of F evaluated from our weak scattering
theory are accurately linear in p over the entire range of
relevant carrier densities. The optical masses evaluated
here, which provide the f-sum rule with practical util-
ity, represent a complicated average over heavy and light
hole masses in the spin-split ferromagnetic valence bands.
Disorder does have a small but measurable effect on mopt
as illustrated in Fig. 2. By solving self-consistent mean-
field calculations for finite-size realizations of our DMS
ferromagnet model, we have established that a fully non-
perturbative treatment of disorder alters mopt, by less
than 10% for metallic DMS ferromagnets [24,25]. We
have also verified that the optical mass is not percepti-
bly dependent on the magnetization orientation and that
it is altered by less than 1% by the exchange mean-field.
Using the six-band Luttinger model, the optical masses
for GaAs, InAs, and GaSb DMS ferromagnets with a
800, 400, and 700 meV cutoffs are 0.25-0.29 me, 0.40-0.43
me, and 0.21-0.23 me respectively, the extremes of these
ranges corresponding to the clean (lower) and disordered
(upper) limits of our model [26]. mopt depends to a good
approximation only on the frequency cutoff and on the
Luttinger parameters that characterize the host semicon-
ductor valence bands [27], permitting accurate carrier-
density measurements based on the f-sum rule.
We have applied our procedure for determining the
DMS carrier density to a sample with 4% Mn doping,
measured by Katsumoto et al [13], obtaining a value of
0.17 ±.03 nm−3 (Their data is shown as the dot-dashed
line in Fig. 2). Although their sample is strongly disor-
dered, the f-sum rule based density estimate still appears
reasonable. It is consistent, within 30%, with the [21,28]
carrier density that would produce a ferromagnetic state
with the measured [13] critical temperature of 90 K. Note
that the hole density estimate [13] based on the measured
room temperature Hall coefficient for the same sample is
∼ 5× smaller than that expected on the basis of its criti-
cal temperature, emphasizing once again the difficulty of
extracting carrier densities from Hall data.
The strong spin-orbit coupling in the (Ga,Mn)As va-
lence band (∆so = 341 meV) compared to the typical
spectral broadening of the hole quasiparticles (h¯/τ ∼
100− 200 meV) leads to a dependence of the absorption
spectrum on the direction of the magnetization. This
dependence should lead to measurable infrared conduc-
tivity changes that can be induced by an external mag-
netic field larger than the sample’s magnetocrystalline
anisotropy field ∼ 100 mT [8], applied along the hard
〈100〉 magnetic axis. The inset of Fig. 3 shows the ori-
entation dependence of the optical conductivity and ab-
sorption coefficients for the same sample parameters as
in Fig. 1, calculated neglecting disorder and with the in-
cident light polarization along the 〈100〉 direction. In
the main plot of Fig. 3 we compare absorption spectra
evaluated using our weak disorder approximation. The
sharp spectral features near 325 meV are smeared out
by disorder, however, the ∼15 meV relative shift of the
absorption peak for the two magnetization orientations
is nearly disorder independent and should be observable
experimentally. This effect is stronger when the density
of compensating defects is reduced.
In summary, we find that the infrared conductivity
of metallic DMS ferromagnets has Drude and interband
contributions that have approximately equal importance.
In current samples these contributions overlap in fre-
quency, but we expect that they will begin to separate if
recent improvements in sample conductivity can be ex-
tended. We predict that the infrared conductivity will
be very sensitive to changes in compensating defect and
carrier densities, believed to be responsible for the sensi-
tivity of DMS ferromagnets to growth and annealing con-
ditions. In particular, we have evaluated optical effective
masses that will allow carrier densities to be extracted
from f-sum rule measurements, circumventing difficulties
posed by the large anomalous Hall effect of (III,Mn)V fer-
romagnetic semiconductors. Simultaneous measurement
of optical, magnetic, and dc transport properties should
prove to be potent in advancing the materials science of
these interesting systems, when our optical masses are
used to extract carrier densities. We have also demon-
strated the sensitivity of the infrared optical conductiv-
ity to magnetization orientation that is due to the strong
spin-orbit coupling in these systems.
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FIG. 2. Optical conductivity Re[σ(ω)] and absorption co-
efficient α˜(ω) for carrier densities from p = 0.2 to 0.8nm−3 in
the direction indicated by the arrow, for Ga0.95Mn0.05As. The
dot-dashed line is an experimental absorption curve for a sam-
ple with a Mn concentration of 4% obtained by Hirakawa et
al. The inset shows the spectral weight F (p) evaluated with a
frequency cut-off of 800 meV including disorder (dashed) and
in the clean limit (solid).
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FIG. 3. Magnetization orientation dependence of the opti-
cal conductivity Re[σ(ω)] and absorption coefficient α˜(ω) for
carrier densities n = 0.3nm−3 for Ga0.95Mn0.05As at T = 0.
The light is linearly polarized along the x-direction. The inset
indicates the results for the disorder free case.
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